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0.1 Abstract

Underground explosions often produce Rayleigh waves with non-circular radiation patterns.

The presence of significant anisotropic radiation patterns from isotropic sources is often

attributed to the coincident release of tectonic strain across faults that are spatially near

the explosion working point. However, poor instrument deployment geometries can lead

to misinterpretations of these fields as isotropic when the are non-circular. In this work,

we construct a physical representation for the first two moments of the Rayleigh wave

radiation pattern triggered by a shallow, underground explosion. We then construct a

hypothesis test for discriminating between the isotropic and anisotropic portion of the

radiated Rayleigh wavefield, using these moments. We find that the screening power is

completely quantified by a single parameter λ that depends on azimuthal deployment

geometry as well as wavefield sampling. To improve radiation pattern discrimination, we

present an algorithm for iteratively including receivers to sample the radiation pattern that

increases the performance (power) of the hypothesis test at each iteration. Last, we discuss

future applications of our method to data recorded from the Source Physics Experiment

taking place at the Nevada National Security Site (NNSS).
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1.1 Introduction1

Several decades of seismic observations recorded from shallow, underground explosions2

have revealed that so-called isotropic sources produce Love waves and Rayleigh waves with3

non-circular radiation patterns. These observations generally contrast with traditional4

physical models that predict an absence of Love waves, and azimuthally constant Rayleigh5

wave amplitudes. The non-circular component of Rayleigh wave radiation patterns, in6

particular, has been physically attributed to what is known as tectonic release [3], and7

more recently, damage production [14, 15, 18]. Tectonic release describes the coincident,8

or nearly coincident, release of tectonic strain triggered by the outgoing shock of an un-9

derground explosion [3]. The effective fault plane facilitating this release can then induce10

a non-circular radiation pattern component to the observed surface-wave field. Damage11

describes host medium changes induced by the outgoing, explosively driven shock and fol-12

lowing wavefield interference. Initial damage produced by the incident shock creates a13

shatter zone in the host medium, and the later, free-surface stress wave rebound induces14

heaving and material bulking. These cumulative processes contribute a compensated, lin-15

ear vector dipole (CLVD) and general double couple portion to the seismic moment tensor16

and Rayleigh wave radiation pattern.17

18

One challenge associated with observing non-isotropic Rayleigh wave radiation patterns19

is determining when deviations from a circular pattern are significant. This level of signifi-20

cance is largely determined by the azimuthal sampling of the pattern. Ideally, any seismic21

observations will include a complete azimuthal sampling of the ground displacement. In22

reality, topography or other physical or logistical restrictions may impede sufficient sam-23

pling. This is important because uneven sampling can bias the estimated damage or tec-24
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tonic components. For example, records collected near pattern nodes will negatively bias25

the estimated pattern anisotropy, while sampling only the maxima of an earthquake-like26

radiation pattern of “petals” positively biases the perceived isotropic component. Deploy-27

ing additional, supplemental instruments at certain azimuthal gaps may then improve the28

non-optimal sampling of this pattern.29

30

Answering these questions requires (1) constructing the right experiment, and (2) formu-31

lating an evaluable hypothesis test. This first point can be addressed by the Source Physics32

Experiment (SPE). These experiments comprise a campaign of underground explosive tests33

at the Nevada National Security Site (NNSS) designed to provide data necessary for de-34

veloping more physics-based nuclear test monitoring tools [20] (Figure 1.1 shows a current35

instrument deployment map at five distinct azimuths). The second point can be addressed36

using binary hypothesis testing. Such testing describes the process of comparing two prob-37

ability density functions of a test statistic for two competing models, often described as38

signal-absent versus signal present [8, 9]. Our present goal is develop a theory that will de-39

termine what azimuthal (instrument) sampling of an explosively-generated Rayleigh wave40

radiation pattern, in addition to one already present (e.g., Figure 1.1), will best determine41

if that explosion accompanies tectonic release. To achieve this goal, we use concepts from42

detection theory and experiment design to provide an algorithm that provides an optimal,43

supplemental deployment azimuth for additional instruments.44
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Figure 1.1: Deployment geometry of seismic instruments for the Source Physics Experiment
at the Nevada National Security Site (NNSS) includes five primary lines of instruments,
at five distinct azimuths, deployed at increasing distance from working point. Instruments
considered here are three component seismometers (yellow triangles, inset; figure after
William Walter, Lawrence Livermore National Laboratory).
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1.2 Background45

This section documents a physical theory that quantifies Rayleigh wave radiation patterns46

of shallow, buried explosions. Our initial presentation largely follows other’s work [3], [15],47

[1] and exploits some material only referenced in exercises [1, 2002; pages 328-329], includ-48

ing equations which are not numbered. Unfortunately, some of this material includes typos.49

We therefore provide equivalent forms for the corrected equations here for reference. The50

expressions involving the moments of these radiation patterns, however, are original.51

1.2.1 The Rayleigh Wave Radiation Pattern for a Near-Surface Explo-52

sion53

The frequency-domain Rayleigh wave displacement field triggered by a shallow explosion54

with a symmetric moment tensor M is simplified from its general form (Aki and Richards,55

2002, Eq. 7.151) when the source depth h is one-quarter or less of the dominant wavelength56

of the radiated field. In this case, the traction-free boundary conditions at the free surface57

for the displacement-traction vector t = (t1, t2, t3, t4) simplify the eigensolutions that58

compose the Rayleigh wave displacement field. This is because many of the eigensolution59

coefficients include tractions evaluated at the source working point, which is near the free60

surface. Speficially, these boundary conditions are (Aki and Richards, 2002, page 3.28):61
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62

t3(h) = µ



dt1

dz
− kt2



∣∣∣∣∣
h

= 0

t4 (h) = 0

µ
dt2

dz

∣∣∣
h

=




2β2

α2
− 1


 kt1 (h)

(1.1)

where α and β are the compressional and shear wave speed near the working point geology63

and k is the fundamental mode wavenumber. It follows from these boundary conditions64

that the Rayleigh wave displacement field u produced by a shallow source is expressible65

as:66

u = G · [U1 + U2 cos (2φ) + U3 sin (2φ)] . (1.2)

In Equation 1.2, G is the frequency-domain Rayleigh wave Green’s function tensor, Uk67

(k = 1, 2, 3) are the radiation pattern coefficients that depend on the moment tensor68

components, and φ is the azimuthal angle (see Aki and Richards, 2002, Figure 4.20). The69

radiation pattern coefficients weighting the radiation functions in Equation 1.2 are given70

by:71

U1 =
1

2
(Mxx +Myy)−




2β2

α2
− 1


Mzz

U2 =
1

2
(Mxx −Myy)

U3 = Mxy

(1.3)
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where Mi j is a moment tensor component for a force couple in direction i, separated by72

direction j. As a first example, we specifically consider the case that a shallow explosion73

with isotropic moment MI accompanies a significant tectonic release with moment M0 on a74

fault collocated or near the working point. We suppose this fault is parameterized by strike75

(φs), rake (λ) and dip (δ) angles. The radiation pattern coefficients are then expressible as76

(Aki and Richards, 2002, pg. 329):77

U1 =
2β2

α2
MI −

3α2 − 4β2

α2
DS

U2 = DS cos (φs)− SS sin (φs)

U3 = SS cos (φs) +DS sin (φs)

(1.4)

In Equation 1.4, SS is a scalar that quantifies the strength of the strike-slip component of78

the tectonic release, and DS quantifies the corresponding strength of the dip slip compo-79

nent. The tectonic release terms are defined by [3, Equations 21, 22]:80

DS =
1

2
M0 sin (2δ) sin (λ)

SS = M0 sin (δ) cos (λ)

(1.5)

We note that the equivalent expression in Patton and Taylor [15, Equation 16] is missing81

a factor of two scaling the dip angle included in the DS term, but was likely a typo.82

Regardless, we express the full Rayleigh wave displacement by combining the fault-plane83

expressions for the radiation pattern in Equations 1.4 and 1.5 with Equation 1.2:84

u = G · [U1 +DS cos(2 (φ− φs)) + SS sin(2 (φ− φs))] (1.6)
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Equations 1.4 and 1.5 illustrate that a purely volumetric (explosive) source produces no85

azimuthal variation in the radiation pattern (e.g., DS = SS = 0 when M0 = 0). These86

expressions additionally demonstrate that not all tectonic release fault planes will generate87

Rayleigh waves. In particular, a zero-degree dip angle with a zero rake angle (a vertical88

dip slip) produces no surface waves, while other fault geometries generate identical radi-89

ation patterns [2]. These properties are captured by the total radiation patten, which is90

expressible in the same form as the scalar function from Equation 1.2:91

R = U1 +DS cos(2ϕ) + SS sin(2ϕ) (1.7)

where ϕ is the difference between the azimuthal and strike angles. We use Equation 1.7 as92

a starting point for estimating optimal receiver sampling of the Rayleigh wave radiation93

pattern of a shallow explosion. Figure (2) illustrates the resultant, predicted radiation94

pattern normalized by total riggered by a shallow explosion in four parametric cases, for95

a normal fault; each radiation pattern is normalized by the total moment. This particular96

fault geometry maximizes the non-isotropic component of the radiation pattern.97

1.2.2 Radiation Pattern Moments98

To estimate ideal locations from which to measure variability in the Rayleigh wave radia-99

tion pattern for a buried, shallow explosive source, we determine (1) the root-mean-square100

(RMS) value of this radiation pattern and (2) its expected deviation from this mean. Our101

objective is to determine, for N observing receivers, what azimuthal coverage of supple-102

mental instruments (say, N+1) at local and regional distances will provide the highest103

probability of correctly distinguishing the anisotropic portion of the radiation pattern.104

105
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Figure 1.2: Top: Radiation patterns from a shallow explosion that is accompanied by
normal faulting tectonic release, each normalized by the total seismic moment MI + M0.
The labeled dip and rake angles correspond to Equation 1.5. We note that the four-lobe
pattern dominates in cases where tectonic release is comparable to the explosion moment.
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recorded in the far field by a three component receiver.
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To compute the RMS radiation pattern R̄ for a near-surface source, we assume that the106

source (working point) is embedded in the surface of a layered half space, and surrounded107

by an imaginary, unit radii cylinder that extends into this space by the dominant wave-108

length L of the radiated elastic energy. We further assume that any tectonic release occurs109

over a fault with a strike angle of random orientation relative to North, e.g., the faults110

providing tectonic strain release are not preferentially oriented in a given direction. Under111

these two assumptions, we integrate the squared radiation patternR over this cylinder, and112

normalize the integrand over the cylinder surface area; this process is exactly analogous113

to using Gaussian surfaces in electrostatics to compute properties of electric fields. In our114

case, this integrated radiation pattern is (Equation 1.7):115

R̄ =

√
L
∫ 2π
0 dϕ [U1 +DS cos(2ϕ) + SS sin(2ϕ) ]2

√
2πL

(1.8)

The radiation coefficient weights [1, cos(2ϕ), sin(2ϕ)] in Equation 1.8 are mutually orthogo-116

nal (e.g., statistically independent) over the azimuthal interval [0, 2π]. This means that the117

integrands cross terms, such as DS cos(2ϕ) · SS sin(2ϕ), integrate to zero. Integrating the118

remaining terms and performing additional arithmetic simplification, we reduce Equation119

1.8 to:120

R̄ =

√√√√
U2
1 +

1

2
(DS2 + SS2) (1.9)

The expression in Equation 1.9 does not completely quantify the mean radiation pattern.121

In particular, explosions with sub-horiztonal tectonic release of moment M
(1)
0 will deviate122

from this RMS pattern more than a similar explosion with smaller tectonic release M
(2)
0 , if123

M
(1)
0 > M

(2)
0 . To quantify this deviation, we compute the second moment of the radiation124
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pattern, averaged over the same “Gaussian” cylinder:125

σR =

√
L
∫ 2π
0 dϕ

[
U1 +DS cos(2ϕ) + SS sin(2ϕ) − R̄

]2
√

2πL
(1.10)

This integral has the same basic form as the integral for R̄ (Equation 1.8). In this case,126

the azimuthally independent term is U1−R̄. We again utilize basis function orthogonality127

over azimuthal range and obtain:128

σR =

√√√√(
U1 − R̄

)2
+

1

2
(DS2 + SS2) (1.11)

129

130

We now consider both the RMS and deviation terms in the specific case of a pure ex-131

plosion, e.g., where tectonic release is absent (M0 = 0). We first note that the radiation132

pattern completely isotropic and independent of azimuth:133

R̄
∣∣
M0=0

= U1

∣∣
M0=0

=
2β2

α2
MI (1.12)

This expression applies to vertical dip slip faults as well, since they generate no surface134

waves [3]. Because the total radiation pattern for explosions and vertical dip slip faulting135

equates the RMS value in Equation 1.12, the associated second moments are both zero:136

137

σR
∣∣
M0=0

= 0 (1.13)

These moments will be important for comparing different radiation pattern hypotheses in138

the following sections. In particular, we note that if Rayleigh waves are set up by an explo-139
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sion that accompanies a non-vertical dip slip component of tectonic release, then both the140

first and second moments of R (R̄ and σR) increase in ratio relative to their explosion-only141

zero value. In Section .1.1 (Appendix A), we demonstrate that the ratio of σR to R̄, for142

“almost” isotropic radiation patterns scales like
M0

MI
, and increases most rapidly for strike143

slip tectonic faulting. This suggests that R̄ alone is insufficient to screen isotropic from144

anisotropic explosion radiation patterns.145

146

Figure 1.3 shows radiation patterns superimposed with their RMS and RMS-deviated val-147

ues for several ratios of isotropic to tectonic release moment, M0
MI

, computed for several148

different faults. A normal faulting case, where δ = 45◦ and λ = 90◦, shows the greatest de-149

viation from a circular pattern. Despite this variability, the illustrated Rayleigh wavefield150

is misinterpretable as isotropic with non-optimal instrument deployment, even with equal151

isotropic and tectonic moments. In particular, if such a radiation pattern were produced by152

an explosion, and instruments were deployed at four locations such that the strike-minus-153

azimuth angles were ±153.5◦ and ±23.6◦, they would coincidentally sample locations at154

which this pattern equated its RMS values. A more optimal deployment scheme would155

sample the lobe peaks and nodes.156

1.3 Hypothesis Testing157

To determine if the Rayleigh wave radiation pattern includes tectonic release, we evaluate158

a hypothesis test that compares two distinct models for R. This test requires forming a159

test statistic using N observations of R at different azimuthal locations, in a maximum160

likelihood sense. Our “null” hypothesis is that an azimuthally distributed set of sensors161

samples an isotropic, or circularly symmetric radiation pattern. Our alternative hypothesis162

11



0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 180◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = -90◦

RR̄σ
R

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 180◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = -90◦

RR̄σ
R

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 180◦

0
.2
5

0
.5

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = -90◦

RR̄σ
R

0
.2

0
.4

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 90◦, λ = 180◦

0
.2

0
.4

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0
δ = 45◦, λ = 90◦

0
.5

1

3
0

2
1
0

6
0

2
4
0

9
0

2
7
0

1
2
0

3
0
0

1
5
0

3
3
0

1
8
0

0

δ = 45◦, λ = -90◦

RR̄σ
R

M
0 =

 1/10 M
I  

M
0 =

 1/4 M
I  

M
0 =

 1/2 M
I  

M
0 =

 M
I  

F
ig

u
re

1.3:
R

ad
ia

tio
n

p
attern

s
an

d
fi

rst
tw

o
p

attern
m

om
en

ts
for

fou
r

d
iff

eren
t

fau
ltin

g
geom

etries
of

tecton
ic

release
a
n

d
fou

r
d

istin
ct

ratios
o
f

isotrop
ic

to
tecton

ic
release

m
om

en
ts

(M
I /M

0 ).
M

om
en

t
ratio

p
an

els
are

sep
arated

b
y

th
ick

,
b

lu
e

lin
es.

E
a
ch

p
a
n

el
(e.g

.,
top

left,
M

0
=

11
0 M

I )
sh

ow
s

R
ay

leigh
w

ave
rad

iation
p

attern
s

(b
lack

cu
rves)

w
ith

th
eir

R
M

S
va

lu
esR̄

(p
u

rp
le

cu
rv

es),
su

p
erim

p
osed

w
ith
R̄
±
σ
R

(red
,

d
ash

ed
lin

es).
A

ll
p

attern
s

are
scaled

b
y

th
e

total
m

om
en

t
(M

0
+
M
I ).

12



is that these same sensors sample a non-circular radiation pattern. We state these two163

hypothesis as:164

H0 : R = R̄
∣∣
M0 =0

H1 : R = U1 +DS cos(2ϕ) + SS sin(2ϕ) (δ, λ, M0 unknown)

(1.14)

We assume that MI has been estimated from data using body wave data and therefore165

includes negligible model error, e.g., M0 contributes little to the total solution for MI . We166

may include model errors in future work. At present, we continue with this assumption, and167

introduce a probability model for the estimate of MI . This model is necessary, since obser-168

vations of moments are not deterministic, but measured from imperfect and/or noisy data.169

Following several others [13, 16, 17, 11, 12], we assume that magnitudes are normally dis-170

tributed so that the isotropic moment MI is also log-normally distributed. This assumption171

is further substantiated by both modeling and empirical observations [5, 7, 6], if moment is172

estimated from station magnitudes. If isotropic moment is instead estimated from the trace173

of a moment tensor inversion, (MI = 1
3tr (M)) then the non-deterministic uncertainty in174

that estimate appears Gaussian under rather general conditions [10]. Further, normally175

distributed errors often dominate seismic waveform records that are compared against syn-176

thetic seismograms to estimate isotropic scalar moments [19, 4, 21]. Such waveform noise177

does not necessarily dominate the uncertainty in moment tensor calculations. This is be-178

cause many source parameters are often unknown, including source hypocenters and focal179

mechanisms. In addition, the velocity structure needed to construct the Rayleigh wave180

Green’s eigenfunctions is often imperfectly known. In the SPE experiments we consider181

here, both source location and source type (minus any tectonic release) are known. In182

addition, the geology of the Nevada National Security Site is (relatively) well character-183

ized. Therefore, two components of deterministic error, normally dominant in uncontrolled184
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experiments, are greatly reduced for the SPE shots. Therefore, we consider waveform noise185

to be a dominant source of random error in the moment estimates and model the scalar186

moment as a normally distributed random variable. Notationally, we denote an observed187

value of
2β2

α2
MI with mean µM and variance σ2M as

2β2

α2
MI ∼ N

(
µM , σ

2
M

)
. While the true188

variance σ2M is unknown, it is constrained much better than the focal planes characterized189

by DS and SS that provide tectonic release. In Appendix .1, we demonstrate that for small190

values of R, the second moment of R changes slowly relative to changes in its RMS values191

so that
σR

R̄ ∝
M0

MI
. We therefore suggest that sources of bias in estimates of σM are small192

relative bias from other source, and take σM to be independent of the fault plane model.193

This means that the statistical behavior in radiation pattern is approximately linear in194

it’s parameters. To then exploit this model, we more explicitly express the hypotheses in195

Equation 1.14 in terms of moment, using Equations 1.7 and 1.12:196

H0 : R =
2β2

α2
MI

H1 : R =
2β2

α2
MI −

3α2 − 4β2

α2
DS +DS cos(2ϕ) + SS sin(2ϕ) (MI , DS, SS unknown)

(1.15)

where we have noted that the unknown parameters δ, λ, M0 are absorbed into coefficients197

DS, SS and cannot generally be separated without additional information [3]. Equation198

1.15 is then equivalent to testing between two different probability distributions for R:199
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200

H0 : R ∼ N


E





2β2

α2
MI




, σ2M




H1 : R ∼ N


E





2β2

α2
MI −

3α2 − 4β2

α2
DS +DS cos(2ϕ) + SS sin(2ϕ)




, σ2M




(1.16)

where E {•} is the expected value operator. Equation 1.16 is applicable to a single observa-201

tion, or single azimuthal sample (say, ϕk). For a set of many observations, our hypothesis202

test instead includes a vectorized set of radiation pattern samples R where the kth sample203

is Rk:204

R , [R1, R2, · · · ,Rk, · · · ,RN ]T . (1.17)

We additionally concatenate the unknown parameters MI , SS, DS and σM into a single205

parameter vector:206

θ = [MI , DS, SS, σM ]T. (1.18)

The multivariate density function for the radiation pattern vector R with mean vector µ207

and covariance C is given by:208

fR (R;Hn) = (2π)−
N
2 (

N∏

k=1

R−1k )|C|− 1
2 exp

(
−1

2
(R− µ)TC−1(R− µ)

)
. (1.19)

where Hn denotes the assumed hypothesis (n = 0, 1), component k of µ is the vectorized209

true value of R (Equation 1.7) and C is an identify matrix weighted by σ2M . Under H0,210

DS and SS are each zero and µk = µM ∀ k. To determine which hypothesis our data211

are most consistent with, we use a generalized log-likelihood ratio test. In simplest terms,212

this test compares the logarithmic ratio of the alternative hypothesis density function to213
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the null hypothesis density function, where each function is respectively evaluated the214

maximum likelihood estimate (MLE) for it’s unknown parameters. In our case, we posit215

that µM and variance σ2M are substantially more constrained than SS and DS, and that216

the uncertainties in tectonic release parameters thereby dominant the shaping parameters217

for the distributions. The generalized log-likelihood ratio test is then:218

Lθ (R)
H1

≷
H0

η where:

Lθ (R) = ln




max
θ|H1

{ fR (R;H1) }

max
θ|H0

{fR (R;H0) }




(1.20)

where η is a to-be-determined threshold that quantifies a statistically significant depar-219

ture from isotropic radiation (see Figure 1.4). The hypothesis H0 below the conditional220

inequality in Equation 1.20 signifies that M consists of log normal noise when Lθ (R) <221

η and that the radiation pattern is isotropic; the hypothesis H1 signifies that R includes a222

contribution from tectonic release if Lθ (R) > η. To apply the hypothesis test in Equation223

1.20, we combine it with Equations 1.17, and 1.19. It follows that several terms in the224

ratio defining Lθ (R) arithmetically cancel, since:225

max
θ|H1

{ fR (R;H1) }

max
θ|H0

{fR (R;H0) }
=

max
θ|H1





exp


−

1

2σ2M

∣∣∣
∣∣∣R− µ1

∣∣∣
∣∣∣
2








max
θ|H0





exp


−

1

2σ2M

∣∣∣
∣∣∣R− µ0

∣∣∣
∣∣∣
2








(1.21)

where µn is the mean vector for hypothesis Hn, e.g., the expected value terms in Equation226

1.16. The likelihood ratio is then maximized if the norm in the argument term of the227
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Figure 1.4: An illustration of the probability distribution distribution functions (PDFs)
for a general (F -distributed) radiation screening statistic under two competing hypotheses.
Top: Two competing hypothesis formed from an arbitrary scalar discrimination statistic.
The left null distribution corresponds to a isotropic radiation pattern (λ = 0), whereas the
right alternative distribution corresponds to anisotropic radiation (λ > 0). Overlap between
the distributions implies that a high threshold is needed to avoid false source attribution,
at the expense of mis-labeling an anisotropic explosion as isotropic. Bottom: Decision
regions for the Neyman Pearson decision rule and partitioning by η. The shaded regions
indicate the false attribution probability PFA and the correct radiation discrimination
probability PD for this threshold choice. In both cases, the only difference between the
null and alternative hypothesis density functions is the presence of a non-zero noncentrality
parameter λ under H1
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numerator is minimized:228

argmax
θ





exp


−

1

2σ2M

∣∣∣
∣∣∣R− µ1

∣∣∣
∣∣∣
2








= argmin
θ

{ ∣∣∣
∣∣∣R− µ1

∣∣∣
∣∣∣
2
}

(1.22)

Thus, the maximum likelihood estimate for the unknown focal plane parameters minimizes229

the distance between the radiation pattern model µ1 and the data R. The radiation230

pattern parameter solution is then a least-squares problem of the form min
θ

∣∣∣∣R − Hθ
∣∣∣∣2.231

Under the alternative hypothesis (H1), this model is:232

µ1 =




1 cos(2ϕ1) sin(2ϕ1)

1 cos(2ϕ2) sin(2ϕ2)

...
...

...

1 cos(2ϕk) sin(2ϕk)

...
...

...

1 cos(2ϕN ) sin(2ϕN )




︸ ︷︷ ︸
H

·




2β2

α2
MI −

3α2 − 4β2

α2
DS

DS

SS




︸ ︷︷ ︸
θ

(1.23)

Using the notation in Equation 1.4, the parameter vector estimate is then the least squares233

solution:234

θ̂ = [HTH]−1HTR (1.24)

This solution requires that each trigonometric function includes a known azimuthal angle.235

In our example, N = 5, corresponding to the equidistant receivers along the distinct236

azimuthal lines in Figure .1.1. Using the solution in Equation 1.24 for θ, we compute the237

maximum likelihood statistics for the variances under each hypothesis and use properties238

of projector matrices to reduce the resultant discrimination statistic to (algebra omitted):239
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240

Lθ (R) =



N − 3

3


 ·

∥∥PHR
∥∥2

∥∥P⊥HR
∥∥2 (1.25)

In Equation 1.25, PH is the orthogonal projector matrix that projects vectors onto the241

subspace spanned by the columns of H and P⊥H is it’s orthogonal complement, that pro-242

jectors vectors onto the space orthogonal to that spanned by H. The random variable243

Lθ (R) has a central F distribution with 3 and N − 3 degrees of freedom under the null244

(isotropic) case. Under the anisotropic case, it has a noncentral F distribution with the245

same pair of degrees of freedom, but with a noncentrality parameter given by :246

λ =

∥∥PHµ1

∥∥2

σ2M
(1.26)

This scalar quantifies the discrimination power between the two competing hypotheses. A247

large value of λ, relative to smaller values, increases the screening power of the statistical248

test described by Equation 1.20 (Figure 1.4). This value obviously depends on the specific249

construction of H. Adding receivers at certain azimuthal angles in the field is equivalent250

to including additional rows of the form [1, cos(2ϕk), sin(2ϕk)] to the columns of H (for251

some k). Therefore, to optimally decide if a Rayleigh wave radiation pattern is anisotropic,252

instruments should be deployed in such a way that λ is maximized over all possible values253

of ϕ. Because µ1 is unknown, this problem cannot be directly solved. Rather, it is approx-254

imately solvable using the maximum likelihood estimate for µ1, given by µ̂1 = Hθ̂, which255

includes components of R. We then select a desired value of R to sample. Since we have256

established that an explosively-triggered Rayleigh wave radiation pattern is expected to257

vary from it’s RMS value only for non-isotropic moment tensors, we choose to sample R̄ +258

σR. Since the true value of R̄ is also unknown, it must be estimated using Equations 1.4259
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and 1.9 and the parameter estimate θ̂. With these estimates, the problem required to find260

an approximately optimal value of ϕ for the (N + 1)th receiver to supplement an existing261

array of N receivers, is:262

ϕN+1 = argmax
ϕ|H1





∥∥H1 · ([HT
1H1]

−1HT
1 )2 ·R1

∥∥2

σ̂2M





(1.27)

where σ̂2M is a variance estimate for
2β2

α2
MI and H1 and R1 are defined by:263




R

R̄ + σR
...

R̄+ value




︸ ︷︷ ︸
Rj

=




H

1 cos(2ϕN+1) sin(2ϕN+1

...
...

...

1 cos(2ϕN+j) sin(2ϕN+j)




︸ ︷︷ ︸
Hj

·




θ̂1

θ̂2

θ̂3




︸ ︷︷ ︸
θ

(1.28)

In this case, j = 1. Additional rows are iteratively computed, as described below. The264

term “value” in the last row indicates a constraint imposed by the user that must be within265

the range of deviation from possible RMS values.266

267

In practice, we recommend the application of computational tools to implement Equa-268

tion 1.27 (like Matlab’s fminsearch.m) and thereby estimate optimal values for ϕN+1.269

For additional receiver deployments, say ϕN+2, Equation 1.27 must be applied iteratively.270

Starting with Equation 1.4, the psuedo code for estimating the quasi-optimal distribution271

of receivers for discriminating between isotropic and anisotropic Rayleigh wave radiation is:272

273

for k = 1:N ,274
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275

1. Estimate θ̂ from Equations 1.4 and 1.24;276

2. Recompute R̄ and σR from Equations 1.9 and 1.11 using equivalent sample averages277

(in place of integrals).278

3. Reform matrices Rk−1 and Hk−1 using Equation 1.28279

4. Solve for an the optimal azimuthal angle for receiver N+ k using Equation 1.27280

end;281

1.4 Discussion and Future Application282

We summarize the three most important aspects of the current work below:283

• Section 1.2.2, documents approximate physical moments for the Rayleigh wave radi-284

ation pattern produced by a shallow, buried explosion accompanied with some form285

of tectonic release. These moments give the RMS radiation pattern and the expected286

deviation from the RMS value. We find that for slightly non-isotropic explosions,287

dip, rake angle pairs of ( δ = 45◦, λ = 90◦ ) (normal faulting) differ most from purely288

isotropic explosions. However, even these cases can lead to misidentification. In289

cases where fault strike angle is know apriori, instruments should be deployed along290

radiation pattern lobes least likely to sample radiation patterns that equate to the291

RMS values. In the normal faulting case above, the least optimal deployment angles292

include where the strike and instrument azimuth differences are ±153.5◦ and ±23.6◦,293

where R̄ = R.294

• Section 1.3 documents the hypothesis test used to quantify an optimality criteria295
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for testing between isotropic radiation present versus anisotropic radiation absent.296

We find that the discrimination performance is entirely quantified by a so called297

noncentrality parameter that shapes the anisotropic radiation present distribution,298

under H1, given by 1.26. This scalar parameter depends on azimuthal sampling of299

seismic receivers that measure the Rayleigh wave radiation field, and the field itself.300

• Section 1.3 also documents the iterative algorithm (in pseudo-code) that we recom-301

mend and will use to estimate the optimal receiver deployment geometry in additional302

phases of SPE deployments.303

The data required to implement Equation , such as scalar moment estimates and moment304

tensor inversion components, is currently being processed by David Yang at Los Alamos305

National Laboratory. Our anticipated results will be provided by September 15, 2015.306
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.1 Approximations364

Our primary focus is testing difficult-to-discriminate radiation patterns against the isotropic365

radiation hypothesis. We therefore do not treat radiation patterns that are well sampled366

and obviously contain some form of tectonic release or damage-production that induces367

lobes to the Rayleigh wave field. Instead, we focus on cases where noise present in the data368

may be misinterpreted as tectonic release, or, where true tectonic release is incorrectly369

interpreted as noise.370

371

We therefore assume, hereon, that M0 � MI .372

.1.1 The Radiation Pattern Coefficient of Variation373

For values of tectonic release moment (M0) that are small relative to isotropic moment374

(MI), the RMS Rayleigh radiation pattern is well approximated by a linearization about375

M0 = 0:376

R̄ =

√√√√
U2
1 +

1

2
(DS2 + SS2)

≈ R̄
∣∣
M0=0

+
∂R̄
∂M0

∣∣
M0=0

(M0 − 0) (if: M0 �MI)

= R̄
∣∣
M0=0

+
1

4U1

∣∣∣
M0=0

(
DS2 + SS2

)

=
2β2

α2
MI +

α2

8MIβ2
(
DS2 + SS2

)

=
2β2

α2
MI +

α2

8β2
·
M2

0

MI


sin2 (δ) cos2 (λ) +

1

4
sin2 (2δ) sin2 (λ)


 ,

(.1.1)

26



where we have used Equation 1.12 and expanded the 1
2

(
DS2 + SS2

)
term. We note that377

the leading term in this approximation is of order MI while the following terms is of order378

M2
0 /MI . Thus, we neglect this term and posit that:379

R̄ ≈
2β2

α2
MI (.1.2)

to first order. This is consistent with our modeling results in Figure 1.3 for M0 ≤ 1
10MI .380

We cannot similarly approximate the σR term using a Taylor series since both the first381

coefficient is zero and the gradient term is undefined at MI = 0 . We therefore approximate382

the term
(
U1 − R̄

)
/MI by noting that it includes terms of order M0/MI and M2

0 /M
2
I , and383

neglect the second order terms:384

MI · σR =

√√√√√√



U1 − R̄
MI




2

+
1

2



DS2 + SS2

M2
I




≈

√√√√√√
7α2 − 8β2

2α2



DS

MI




2

+
1

2



DS2 + SS2

M2
I




(.1.3)

This gives:385

σR ≈
1
√

2

√
SS2 + γ ·DS2

=
1
√

2
M0

√√√√
sin2 (δ) cos2 (λ) +

γ

4
sin2 (2δ) sin2 (λ)

(.1.4)
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where:386

γ =




7α2 − 8β2

α2


 . (.1.5)

The ratio of the second to first moment (coefficient of variation) is then directly proportional387

to the ratio of the tectonic moment to isotropic moment:388

σR

R̄ ≈
α2

√
8β2

M0

MI

√√√√
sin2 (δ) cos2 (λ) +

γ

4
sin2 (2δ) sin2 (λ) (.1.6)

The angular function weighting this coefficient of variation, or CV, is maximized for strike389

slip faults, in addition to other non-unique combinations of fault angles (Figure .1.1).390

391
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Figure .1.1: The angular function weight for the term
σR

R̄ in Equation .1.6, which holds

for small amounts of tectonic release.
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